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Correlations of Spin States for |cosahedral
Double Group
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The irreducible bases of the icosahedral double groups |’ and |, are explicitly
presented in their respective group spaces. Applying these bases to the spin states
|j, ), we obtain asimpleformulafor combining the spin statesinto the symmetry-
adapted bases which belong to a given row of given irreducible representations
of " and I,

1. INTRODUCTION

Metallo-fullereneis akind of fullerene cage with a metal atom or atoms
in the center of the cage. The study of the metallo-fullerene has attracted
considerable attention from physicists and chemists since Heath et al. [12]
showed that metal-containing fullerene could be generated. To classify its
electronic states in the case of spin—orbit coupling, especially for electronic
states with half-integer spin, one has to study the double group symmetry [2].

Recently, the character table and the correlation tables related to | {, have
been presented by Balasubramanian [1]. The correl ation tables can be obtained
from the character table using standard group-theoretical methods[11]. From
the correlation tables, states with alow angular momentum can be combined
by a similarity transformation into a state belonging to a given row of a
given irreducible representation of | ’. However, this becomes a tedious task
as the angular momentum is increased. Fortunately, the difficulty can be
overcome by using the irreducible bases in the group space of 1'. In the
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present work, we present a simple formula [see below (21)] to combine the
spin states into symmetry-adapted bases which belong to a given row of
given irreducible representations of 1’ and | .. Irreducible bases in the group
space of | and combinations of the spin states are frequently used to study
vibrational and rotational problems in Cg [7].

From the viewpoint of group theory (ref. 11, p. 106), the group element
R plays the role of a basis in the group space, which is the representation
space of the regular representation. The number of timesthat each irreducible
representation is contained in the regular representation is equal to the dimen-
sion of the representation. One can obtain the new bases Y., belonging to
the w (v) row of the irreducible representation I" in the left (right) action of
a group element by reducing the regular representation

= 2 U DLL(R), i R =2 DL, (R, (D)

where Y, are called the irreducible bases in the group space. Assume that
G isapoint group, which is a subgroup of the rotation group SO(3); applying
the irreducible bases to the nonvanishing angular momentum states | j,p), one
can obtain the combinations L, |j, p), which belong to the p row of the
representation I' of the point group G,

RUL|j, p) = > DAL(RWA|), p) @)

This method is effective for the study of both integer and half-integer angular
momentum states. The purpose of this paper is to obtain the irreducible bases
of the group space and give a simple formula for combining the spin states
into symmetry-adapted bases by applying those irreducible bases to the spin
states |j, ). This paper is based on our previous work [8-10].

2. ICOSAHEDRAL DOUBLE GROUP

As shown in Fig. 1, the upper vertices of the icosahedron are labeled
by A; and their opposite vertices by B; (0 = j = 5). The zand y axes point
from the center O to Ay and the midpoint of A,Bs, respectively.

The icosahedral group | has 6 fivefold axes, 10 threefold axes, and 15
twofold axes. One of the fivefold axes is along the z axis, and the rest point
from B, to A (1 = j = 5) with polar angle 6, and azimuthal angles ¢{®.
Rotations through 27/5 around those fivefold axes are denoted by T; (0 =
j = 5). The threefold axes join the centers of two opposite faces. The polar
angles of the first and last five axes are 6,, and 03, respectively, and the
azimuthal angles are ¢f?. Rotations through 2m/3 around those threefold axes
are denoted by R (1 = j = 10). The twofold axes join the midpoints of two
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Fig. 1. lcosahedron with I, symmetry.

opposite edges. The polar and azimuthal angles of the first, next, and last
five axes are 6,4, ¢{Y, 65 and ¢{?, , and ¢, respectively. Rotations through
« around those twofold axes are denoted by § (1 = j = 15). The angles 6;
and ¢f” are expressed as

tan 6, = 2, tan0,=3- /5 tan6;=3+ /5
tan 0, = (/5 — /2, tan6s = (/5 + 1)/2, (3)
oM = 2(j — 1)ml5, o = (2] — 1ml/5, ¢ = (4j — 3)w/10

U(2) is the covering group of SO(3) and provides the double-valued
representations of SO(3). To classify angular momentum states with half-
integer spin, one has to extend the point group to the double point group,
following the homomorphism of SU(2) onto SO(3),

+u(f, ©) - R, o) 4

For SO(3), a rotation through 2 is equal to identity E, but it is different
from identity E’ of SU(2),

RA, 2m) = E,  u(d, 2m)=E' = —1 (5)

Similarly, a point group G is extended into a double point group G’ by
introducing a new element E’ with the properties

RE'=ER (E)2=E, ReGCG, EReG (6

G is a subgroup of SO(3), and G’ is that of SU(2). For definiteness, we
restrict the rotation angle o to be not larger than
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R(A, ®) - u(f, w)
R(A, ® — 2m) = R(—A, 27 — w) - u(—N, 27 — w) = — U(A, w) (7)
O=so=mw

The period of w for SU(2) is 4. The element E’ is denoted by Rinrefs. 1
and 11 and by 6 in refs. 3—6, 13, 14 and G’ is denoted by G' in refs. 3-6,
13, 14.

Thel’ contains 120 elements and nine classes. There are nine inequiva
lent irreducible representations for | ’: five representations A, Ty, T,, G, and
H are called single-valued, and four representations Ej, E5, G', and |’ are
double-valued. The row (column) index runs over integers (in asingle-valued
representation) or half-integers (in a double-valued one) as follows:

A m=0 El. p=12 -1/2

T: m=10 -1 E5 p =232 -3/2

T m=20, -2 G w=23212 -12 -32 (8)
G m=21 -1, -2 I": w =052 372, 12 —-1/2, —3/2, =5/2

H m=210 -1 -2

where the subscript w is replaced by m when it is an integer, as in angular
momentum theory.

Actually, the group | ; isthe direct product of | " and the inversion group
{E, P}, where P is the inversion operator. According to the parity, the
irreducible representations of |; are denoted as I'y (even) and I', (odd),
respectively. The character table of the double group | islisted in Table 1
of ref. 1. In thiswork, we pay more attention to the icosahedral double group
| ", which is studied in the following section.

3. IRREDUCIBLE BASES

Therank of | " isthree. One can choose Ty, S;, and E’ as the generators
of 1'. The representation matrix of E’ is equa to the unit matrix 1 in the
single-valued irreducible representation and —1 in the double-valued one. It
is convenient to choose the bases in an irreducible representations of | ' such
that the representation matrices of the generator T, are diagonal with diagonal
elements m*. In the 1" group space, assume that the bases ®,, are the
eigenstates of |eft action and right action of T,

TO(D}LV = T]Mq)p.w (DuvTO = T]vq)p,v (9)
where the constant m satisfies the equations
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4

n = exp(—i2n/5), X "=

m=0
p=m+nt=(B-12 pl=l+n+nt=(/5+102 10
g=im-nY=BpH2  im-n)=0qp

The bases @, can be readily obtained by the projection operator P, (ref 11,
p. 113)

4
®,, = cP,RP,, P, = % 2 N HE + n 7 ETS (11)
where ¢ is a normalization factor. The choice of the group element Rin (11)
will not affect the results except for the factor c: The subscripts w and v
should be both integer or both half-integer. In the following, one can choose
E, Sii, S, or Sy as the group element R and obtain four independent sets of
bases ®{),:

E+qnE
vy = ELAEE S ey
a=0
E+mE &
PR = == 3 7 TESy,
J1o &
E+m™E’ _ _
= —}‘E (Su + M2 + 1 #Sy; + NSy + 1Sy
E+nE & _
c[)(33 =11 = —paTa vbTb 12
W 5\/§ ag n 085 E n ( )
+ m *E’
= EEN (S + R+ 0 BT 4 T, + PR
- 5/2
+ UG + TPRE+ AT+ 0T + PRy
+ M2(S + M THRE AT+ 02T, + PRy
+ NS, + PR+ AT 4 0T+ PR
BTG + T HRE TR+ T + R}
E+n*E'
@(43 paT S_I_ vbTb
B 5\/— ;O”ﬂ 0210 2 mn
E + ”r]’5“E'

55 {(Swo + N *T; + R + Ry + 1*TH)
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+ S + 7T+ ARG + 0 Rs + 1PTY)

+ (S + THTE + RS+ Ry + 1PT))

+ 7S + 0 TETE A+ TR+ PR + T

+ BTG T 4 T PHRE + PRy + T}
where here and hereafter the subscript it denotes —p. The bases @), can be
combined into irreducible bases sl,, belonging to the given irreducible that
the irreducible basis should be the eigenstate of a class operator W, which is

called CSCO-I in refs. 3-6, 13, 14. The eigenvalues o can be obtained by
the characters given by the irreducible representations I" [1]

[

5
W= (T, + E'T}, WL, = ¢l W= ar l,
j=0

op = 12, AT, = 4p71, AT, = _4p, g = _3, oy = 0 (13)

OLE;,L = 6p711 OLEé = _6p1 Qg = 3’ Q= -2

We now calculate the matrix expression of W under the bases ®{), and
diagonalize it.The ys},, are nothing but the eigenvectors of the matrix expres-
sion of W,

4
Py = N7 3 c@f), (14
i=1

where N is the normalization factor. In principle, the {,, can change the
phase, depending on . and v. One can choose the phases to make the
representation matrices of | ' coincide with those in the subduced representa-
tions of DI of SO(3),

D°R) = DAR), D¥R)=D™(R), DXR) =DMR) (15
D¥(R) = DE{(R),  D¥3(R) = D®(R), D%}R) =D"(R)

The representation matrices of E' and T, are diagonal, with the diagonal
elements =1 and ", respectively, and those of another generator S; of 1’
are written as

DAS) =1

L -2
DTl(sl)=f5 -2 }2 J2
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DAS) = (V2 -
SBlpr 2 p
_1 _p _p—l l
— l _1 _—_n1
DG(SI):%S _pel -1 1 _pp
1 -pt -p -1
p? 2 o 2 P
pt p_ -6 -p? -2
DYs) -~ 3| & —/6 L NN
2 -p? V6 PP -2t
P -2 & -2p' p?
o) =455 )
—-p -1
DEX(S) = '—\/&—_) (_E 0 )
ey _ 1 - —pt -3
P& =5l pr @ 3
P -3 /3 —p!
-p2  —Bpt /10 -/10p
-t~/ J1op /10
ey _ g | V1O J10p NG
P®=gE| -vip o -/ -5
— /502 J5 -J10  J10p
—p? Jsp2 —J10p  J10

— \/gpz
NG

5
- /10
J10p

J5p

_ \/gp—l

575

(16)

The normalization factors N and combination coefficients ¢; are listed in

Table I.

We now obtain the irreducible bases },, satisfying (1). Since |}, is the
direct product of | " and the inversion group { E, P}, the irreducible bases of

I, can be expressed as follows:
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Irreducible Bases in the Group Space of |’

Tablel.
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Tablel. Continued

r=E T =E,
2n 2v ¢ [ Cs Cy N2uw2v ¢ C C3 Cy N
1 1 —i q qp 6 3 3 i ap -q 6
11 —im™* mgp  -m'g 6 3 3 in? mq  mop 6
11 in mp -mg 6 3 3 -im?  m%g n'gp 6
11 =i —q —gp 6 3 3 -—i —qp q 6

r=¢ =G
2L 2v ¢ C C3 Cy N2uw2v ¢ [ C3 Cy N
3 3 i/5 gp g? 153 1 mgp  mg 5
13 nd  -vgp 5 1 1 i/Bn  —mgpt —m2gp? 15
13 np w51 1 i/5 o’  —gpt 15
3 3 i/Bn2 e —mopt 15 3 1 nlg  -v’p 5
31 m9  -mp 5 3 3 —i/Bn? n7%p? —m lgp 45
11 i/ -g* oot 151 3 -w’gp  -mg 5
11 —i/Bnt —qlgpiomZgp? 15 1 3 ng —m7p 5
31 -n%p -nlg 5 3 3 i/5 —gpt —qp? 15

r=1 r=1
2 2v ¢ [ C3 Cy N2uw2v ¢ [ C3 Cy N
5 5 -i5 ap~2 g* 505 1 mi%p -m'q 5
3 5 mgp™t —m%p? 10 3 1 -m’q  mgp 5
15 n%g mlep 51 1 iBn  map  m7g 10
15 wegp  -mq 51 1 -i/5 q —gp 10
35 ngp? mAgpt 10 3 1 -n'p -mg 5
5 5 -5 g® —gp2 505 1 -n7%g —m7lgp 5
5 3 mgpt  mgp? 105 3 m~'gp? m’gpt 10
3 3 -5 ap q 10 3 3 —i/Bn?2 —m7%g nlgp 10
13 -n'gp -7 51 3 mWq —mgp 5
13 % ngp 51 3 -map -ng 5
3 3 i/5? -w%q  wmgp 103 3 -~i/5 - -q 10
5 3 —mgp? —m%pt 105 3 n7fgp~t —xm%gp? 10
5 1 n%q nap 55 5 i5 g  —gp? 50
3 1 -mgp  -m%g 53 5 —n~lgp? —m%gp~ 10
1 1 -i/5 -q @ 1015 np -mlg 5
11 -ifBn e mg 101 5 -0°q  —map 5
31 Mm% -m'gp 53 5 m~*gp* —m~%gp? 10
5 1 n2qp -9 5 5 5 —i5 —-gp2 —qgp® 50
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P = 272 (E+ P) Py = 27V (E = P) U, (17)

g}

4. APPLICATIONS TO THE ANGULAR MOMENTUM STATES

According to the properties (1), one can obtain the irreducible function
bases by applying ¥, to any function. As an important application, one can
apply ¥k, to the angular momentum states | j, ), where the Condon—Shortley
convention is used:

Rij, w) = i DL.RIjv),  Re SO3) or SU(2) (18)

v=—j

When j is an integer €, the |¢, m) is nothing but the spherical harmonics
Y4(0, ¢). It can be seen from Fig. 1. and (3) that

E'lj, w) = (=13, )
Tolj, W) = ¥, W)
Sij, w) = >, Di(—2m/5, 20,77/5)|j, v)

=2 e v dl, (204)]], v)
Swolj, w) = E Dl(= /5, 2056m/5)[j, v)

= 2 €2 dl,(209)]], v) (19)
Suli, w = 2 DLu(0, m, 4m/S)|j, w)

= (1))t n?j, — )
where d/(0) is the D-function in the angular momentum theory [11] and
cos 0, = sin0s = ¢//5,  cos 65 = sin 6, = qp//5 (20)

After careful calculation, one can obtain the combinations of the angular
momentum states 4%, j, p), which belong to the . row of the irreducible
representation I" of | '

;I.;)\“i p> =V lO/NS),\p 2 SLV{C].B[)V + %Spv(_l)j*p,an

+ /Beae ™ dll(204) + /5™ 2 di, (205)}

v
(21)

where N and ¢; are also given in Table I. The 3;, is defined as
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. {1 when (A — p)/5 = integer
8 =

0 otherwise (22)

In the course of obtaining (21), some terms are merged so that the functions
need to be normalized again.

Equation (21) isour main formula. For fixed A and p, under the condition
35, = 1, one can obtain the combinations of the angular momentum states
YLAlj, p), which belong to the . row of the irreducible representation T of
| ". Different choices of A and p may lead to the combinations vanishing, being
dependent on each other, or being independent. The number of independent
combinations depends upon the number of timesthat the irreducible represen-
tation I' of | ' appears in the reduced form of the subduced representation of
D! of SU(2). The latter can be completely determined by the character of the
representation and is listed in Table 2 of ref. 1. The combinations can be
calculated by computer or even by hand. As examples, some combinations
are as follows:

¥&l0,0) = 2/30(0,0)  Yy/L, 1) = 2/10/1, )

P2, 2) = 2612, W) Bl U2, 12) = —i2/15(1/2, p)
Ca|3/2,3/2) = 1/30/3/2, W), Yho)|5/2, 5/2) = —i2/5/5/2, )
3,3) = —4(,/3/5)3,2) + /2/53, ~3))

3,3) = —4[3,0)

B3, 3) = —4(—J2/5[3, 3) + /3/5]3, -2))
P33, 3) = 3,/2(—/2/5[3, 2) + /3/5[3, ~3))
P33, 3) = 3,/2[3, 1)
P33, 3) = 3,/23, - 1)
P13, 3) = 3/2(J3/513, 3) + /2/5]3, —2)

W55/ 7/2,712) = —i3/2(—J/7/107/2, 3/2) + /3110(7/2, —7/2))
W3] 712, 712) = —i3/2( /3110|712, 712) + J7110|7/2, — 3/2))
Woas |712, 712) = i /14(/1/50|7/2, 5/2) + 7/./50|7/2, — 5/2))
Uzl 712, 712) = i /14(— /3/10[7/2, 3/2) — /7110|712, —7/2))
oan|712, 712) = 1/14]7/2, 1/2)

W72, 712) = —i J14[7/2, —1/2)

T2
22

T2
02
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V3| 712, 712) = i /14(— J7/10(7/2, 7/2) + /3110|712, —3/2))
Va3 712, 712) = i /14(71/50|7/2, 5/2) — /1/50|7/2, —5/2))

Other combinations can be obtained by the same method.

5. CONCLUDING REMARKS

If the Hamiltonian of a system has a given symmetry, the symmetry-
adapted bases are very useful for calculating the eigenvalues and eigenstates.
Generally, the symmetry-adapted bases can be simply obtained from the
irreducible bases in the group space of the symmetry group of the system.
In this paper, we have explicitly presented the expression for the irreducible
bases of 1’ group space. As an important application, the combinations of
the angular momentum states into irreducible basis functions belonging to a
given row of a given irreducible representation of 1 ', which are very crucial
for calculating the symmetry-adapted bases, have been presented by asimple
and unified formula, (21). Moreover, it is worthwhile to emphasize that the
method used in this paper is effective for any double point group.
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